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Abstract
¯
¯ = T v is preA fast method for solving ∂-equations
of the form ∂v
sented, where v and T are complex-valued function of two real variables. The multigrid method of Vainikko [Direct and inverse problems
of mathematical physics, Int. Soc. Anal. Appl. Comput., 5, Kluwer
2000] is adapted to the problem with a FFT implementation. Convergence with rate O(h) is proved for the method applied to equations
of the form above. One-grid and two-grid versions of the method are
implemented and their effectiveness is demonstrated on an application
arising in electrical impedance tomography (EIT).
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Introduction

In this paper we consider the numerical computation of the solution v : R2 →
¯
C to the ∂-equation
∂v(k) = −T (k)v(k)
(1.1)
¯
with the asymptotic condition lim|k|→∞ v(k) = 1. Here the ∂-operator
is
defined by


∂
1
∂
∂
∂¯ = ∂ k =
+i
=
(1.2)
2 ∂k1
∂k2
∂ k̄
and the multiplier T : R2 → C is assumed to have compact support. In the
sequel we identify k ∈ R2 with k ∈ C and use k = (k1 , k2 ) and k = k1 + ik2
interchangeably.
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¯ it follows that
By convolving in (1.1) with the Green’s function 1/πk for ∂,
the equation (1.1) together with the asymptotic condition is equivalent to
the integral equation
Z
T (k 0 )
1
v(k) = 1 −
v(k 0 )dk10 dk20 ,
k = k10 + ik20 ∈ C,
(1.3)
π 2 k − k0
or

1
(1.4)
∗ (T (k)v(k))
πk
where ∗ denotes convolution. We consider (1.4) as an equation in an appropriate function space on a bounded domain containing the support of T, and
to solve this equation numerically we adapt the multigrid method introduced
by Vainikko [35]. This method is a fast method based on FFT for solving
integral equations with weakly singular kernels.
v(k) = 1 −

The equation (1.1) arises in connection with problems in inverse scattering
and nonlinear evolution equations. In the context of inverse scattering, the
¯
¯
idea behind the ∂-method
is to apply the ∂-operator
to an integral equation
¯
that governs the solution of the scattering problem and derive a ∂-equation
that the solution satisfies. This method leads to linear integral equations
for reconstructing the eigenfunctions and the potential and also provides
¯
necessary conditions which the scattering data must satisfy. The ∂-method
was first used by Beals and Coifman [5] for the quantum inverse scattering
problem in 1-D and was extended to 2-D problems in [2] in the context of
the Kadomtsev-Petviashvili (KP) equation which has applications in water
waves, stratified fluids and plasma physics. See also the references [6, 7, 17,
26, 29] for applications to multidimensional problems. More recently, the
¯
∂-method
has been used in inverse problems in medical imaging including
in electrical impedance tomography (EIT) by Nachman [24, 25] and Brown–
Uhlmann [10] and in positron-emission tomography (PET) by R. Novikov
[27, 28]. Out of the numerous nonlinear evolution equations where equation
(1.1) is useful, we single out the Novikov–Veselov equations introduced by
Novikov and Veselov [38] and considered by Boiti et al. [9] and Tsai [34] and
the Davey–Stewartson equations [14, 1].
The numerical solution of equation (1.1) was considered by Siltanen, Mueller
and Isaacson [32] for EIT in the numerical algorithm based on Nachman’s
uniqueness proof for the 2-D inverse conductivity problem [24]. In [32, 33, 22,
23] equation (1.1) was solved numerically by a 2-D adaptation of the method
of product integrals [4]. The numerical solution of equation (1.1) has also
been applied to EIT by Knudsen [19] in the numerical algorithm based on the
Brown-Uhlmann uniqueness proof for the 2-D inverse conductivity problem
2

[10]. A fast, direct algorithm for the Lippmann-Schwinger equation in two
dimensions is found in [12].
We describe both one- and two-grid implementations of Vainikko’s method.
Details of this method for the Lippmann-Schwinger equation can be found
in [36, 31]. This method has been implemented in [22] for the computation
of Faddeev’s exponentially growing solutions [16] and in [18] for the numerical computation of the solution to a scattering problem. Furthermore, we
will discuss the complexity and accuracy of the method and show that the
complexity of the method is O(M 2 log(M )) for obtaining the solution with
accuracy order O(h), h = C/M, on a plane grid of size M 2 .
This paper is organized as follows. In section 2 we give the details of the
fast algorithm and in section 3 we describe the two–grid extension. Then in
section 4 we analyze the accuracy and complexity of the method. Finally in
section 5 we provide an example of the application of the method to electrical
impedance tomography.

2

The fast algorithm

In this section we describe a fast algorithm for numerical solution of the
integral equation (1.3). The method is based on the work of Vainikko [35].
Assume that T satisfies the following:
A1 Properties of T . Denote by C 0,1 (G) the space of Lipschitz continuous
functions on G ⊂ R2 . We assume that T is compactly supported in
an open set Ω and that T ∈ C 0,1 (Ω \ Γ). Here Γ = ∪N
i=1 Γi , where Γi
1
are compact, piecewise C curves for which Γi ∩ Γj is a discrete set
whenever i 6= j.
With such T the equation (1.3) has a unique solution v ∈ C 0,1 (R2 ) [35].
The fast algorithm is based on the following crucial observations:
• If we know v(k) for k ∈ supp(T ), we can compute v in the whole plane
by v = 1 − (πk)−1 ∗ (T v̄).
• Let ρ > 0 be such that supp(T ) ⊂ B(0, ρ), where B(0, ρ) is the open
disc with radius ρ and center at the origin. If k ∈ supp(T ) then the
integral in (1.4) does not involve the values of the convolution kernel
(πk 0 )−1 for |k 0 | ≥ 2ρ.

3
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Figure 1: The large square S determines the periodization of the ∂-equation.
The circle and both of the squares are centered at the origin, and the radius
of the circle is ρ.
We will consider a periodic equation allowing fast solution and giving the
solution to the full-plane equation. Choose s > 2ρ and set S := (−s, s)2 ; see
Figure 1. Consider the following equation for functions that are 2s-periodic
in k1 and k2 :
Z sZ s
w(k) = f (k) −
g(k − k 0 )T (k 0 )w(k 0 )dk10 dk20 ,
(2.1)
−s

−s

or more briefly
[I + g ∗ (T · ¯)]w = f,

(2.2)

where ∗ denotes convolution on the torus and f satisfies the following:
A2 Smoothness of f . We assume that f is 2s-periodic in k1 , k2 and Lipschitz.
Clearly, f ≡ 1 satisfies A2. The 2s-periodic function g appearing in (2.1)
and (2.2) is given by g(k) = (πk)−1 for k ∈ S. (It is also possible to truncate
g sharply or smoothly at |k| = 2ρ). It is easily checked that
v|supp(T ) = w|supp(T ) ,
and that unique solvability of (1.3) is equivalent to that of (2.1) with f ≡ 1.
Next we discretize equation (2.2). Choose a positive integer m, denote M =
2m , and set h = 2s/M . Define a grid Gm ⊂ S by
Gm = {jh | j ∈ Z2m },
Z2m = {j = (j1 , j2 ) ∈ Z2 | − 2m−1 ≤ jl < 2m−1 , l = 1, 2}.
4

(2.3)

Note that the number of points in Gm is M 2 . To each grid point x ∈ Gm we
attach a cell, an open set that contains x. The cells are given by
1
1
Bj,h = {(x1 , x2 ) ∈ R2 | (jl − )h < xl < (jl + )h, l = 1, 2}
2
2

(2.4)

for j ∈ Z2m .
Let ϕ : R2 → C be a 2s-periodic function that is continuous in a neighborhood of ∂S, and in S \ Γ, where Γ is as in assumption A1. Define the grid
approximation ϕh : Z2m → C of ϕ by

ϕ(jh),
if Bj,h ∩ Γ = ∅,
P Pj
(2.5)
ϕh (j) =
(p)
(p)
−2
h
otherwise,
p=1 ϕ(xj,h )|Bj,h |
(p)

where the sets Bj,h for p = 1, . . . , Pj are the connected components of the
(p)

(p)

open set Bj,h \ Γ, the evaluation point xj,h ∈ Bj,h is arbitrary, and | · | denotes
the Lebesgue measure. However, the Green’s function (πk)−1 is singular at
k = 0, and (2.5) cannot be readily used. We set
(
g(jh), for j ∈ Z2m \ 0,
(2.6)
gh (j) =
0,
for j = 0,
and since the singularity at k = 0 is integrable, the error caused by (2.6)
becomes small when the discretization is refined.
We discretize the periodic convolution operator
Z sZ s
(Aϕ)(k) = (g ∗ ϕ)(k) =
g(k − k 0 )ϕ(k 0 )dk10 dk20
−s

(2.7)

−s

with the formula

Ah ϕh = F −1 F gh · F ϕh ,

(2.8)

where F is the discrete Fourier transform and · denotes component-wise
multiplication. The practical value of formula (2.8) is that application of the
operator Ah can be implemented using the fast Fourier transform.
The discrete version of (2.2) is now
[I + Ah (Th · ¯)]wh = fh ,

(2.9)

where Th · denotes component-wise multiplication by the matrix [Th (j)]. Solvability of this equation (for sufficiently large m) is a consequence of the
solvability of (2.1). To avoid explicit representation of the inverse operator
5

[I + Ah (Th · ¯)]−1 in the numerical solution of (2.9) we employ an iterative
method, such as GMRES [30].
Note that since the operator [I + Ah (Th · ¯)] is real-linear but not complex
linear, the real and imaginary parts of the complex solution vector wh must
be kept separate when using GMRES. An algorithm which avoids the use of
the equivalent linear system of doubled size is found in [15].

3

Two-grid extension of the algorithm

We show how a two-grid method gives extra resolution with reasonable computational expense compared to solving (2.9) iteratively on one grid.
We construct a two grid scheme with one fine grid and one coarse grid.
Choose 0 < m∗ < m and define the fine grid Gm by (2.3) and its cells by
(2.4). We next introduce the coarse grid Gm∗ and its panels Bj∗∗ ,h∗ (we call
the cells of the coarse grid panels). The following two requirements must be
fulfilled [35, section 5.12]:
R1 Every point of the coarse grid must belong to the fine grid: Gm∗ ⊂ Gm .
R2 Every cell Bj,h of the fine grid must be contained in some panel Bj ∗ ,h∗ ,
and conversely, the closure of any panel must be the union of some
collection of closures of fine grid cells.
∗

Denote M ∗ = 2m and set h∗ = 2s/M ∗ ; then 0 < h < h∗ . Define the coarse
grid Gm∗ equivalently to (2.3):
Gm∗ := { j ∗h∗ | j ∗ ∈ Z2m∗ }.

(3.1)

Requirement R1 clearly holds: the coarse grid is an equispaced collection
of points in Gm . The definition of panels must, however, be different from
the definition of fine grid cells: the coarse grid points cannot be centerpoints
of square cells without violating R2. We give the following definition as a
compromise:
[
B j,h ),
(3.2)
Bj∗∗,h∗ := int(
j∈Jj ∗

where int denotes topological interior and
∗

Jj ∗ := {j ∈ Z2m | jl∗ ≤ jl < jl∗ + 2m−m h, l = 1, 2}.

6

Figure 2: Left: coarse and fine grid of the two-grid method corresponding to
m∗ = 2 and m = 4. Small dots denote the points of the fine grid and big dots
denote the points of the coarse grid. Star denotes the origin (that belongs
to both grids). Lines indicate boundaries of panels. Note that the coarse
grid collocation points are regularly distributed but are not at the center of
panels. Right: same as left plot but m∗ = 3 and m = 6.
An illustration of the coarse and fine grids is found in figure 2. Definitions
(2.5) and (2.6) apply for the coarse grid just by changing j to j ∗ and h to
h∗ .
We require operators for transitions from one grid to the other. The operator
phh∗ taking functions Z2m∗ → C on the coarse grid to functions Z2m → C on
the fine grid is defined by piecewise constant interpolation:
(phh∗ wh∗ )(j) = wh∗ (j ∗ ) for unique j ∗ ∈ Z2m∗ for which Bj,h ⊂ Bj∗∗,h∗ . (3.3)
The fine-to-coarse operator ph∗ h is simply restriction:
(ph∗ h wh )(j ∗ ) = wh (j) for unique j ∈ Z2m for which jh = j ∗ h∗ .

(3.4)

The two-grid scheme is based on the observation that the solution wh of (2.9)
satisfies
00
00
(3.5)
wh = fh,h
∗ − Th,h∗ wh
where
00
−1
fh,h
ph∗ h Ah∗ (Th∗ · ¯)fh .
∗ = fh − phh∗ (Ih + Ah∗ (Th∗ · ¯))
00
and the operator Th,h
∗ is defined by
00
−1
Th,h
ph∗ h (Ih + Ah (Th · ¯))]Ah (Th · ¯).
∗ = [Ih − phh∗ (Ih∗ + Ah∗ (Th∗ · ¯))
(3.6)

7

00
The point is that when h∗ is sufficiently small then I + Th,h
∗ can be inverted
by a Neumann series (see Lemma 4.1 below), and hence the solution to (3.5)
can be computed by

wh = (Ih +

00
−1 00
Th,h
fh,h∗
∗)

=

∞
X

00
n 00
(−Th,h
∗ ) fh,h∗ .

n=0

This gives the following two-grid scheme for computing an approximate solution to (2.9):
wh0
For

= phh∗ wh∗ ,
n = 0 : (N − 1)
rhn = whn + Ah (Th · whn ) − fh
whn+1 = whn − rhn − phh∗ (Ih∗ + Ah∗ (Th∗ · ¯))−1 ph∗ h Ah (Th · rhn )

(3.7)

Here m∗ has to be large enough for the inverse of the coarse grid operator
(Ih∗ + Ah∗ (Th∗ ·¯)) to exist. This operator is then inverted using the one-grid
approximation described in section 2. The iteration number N is related to
the accuracy of the method and will be discussed in section 4.

4

Accuracy and complexity of the method

The one-grid method described in section 2 is inspired by method (5.13)
in [35], but since the integral operator in (2.2) is conjugate linear (and not
linear) and the kernel T is allowed to have discontinuities across curves, the
convergence rates in Theorem 5.1 of [35] are not immediate. However, the
expected convergence rates follow from a proof analogous to that of Theorem
5.1 of [35]. We will outline the main steps below.
The theory of discrete convergence is used in [35] to analyze the convergence
of the discretization method. We also adopt this language for the proofs.
The following definitions are taken from [35].
Definition 4.1 Let E be a Banach space and let Eh be a family of Banach
spaces parameterized by h ≥ 0 (all spaces real or all complex). Let p h ∈
B(E, Eh ) be the so-called connection operators satisfying
kph ukEh → kukE .
A family {uh }0<h<H of elements uh ∈ Eh is called discretely convergent to
an element u ∈ E if kuh − ph ukEh → 0 as h → 0.
8

Definition 4.2 A family {uh } of elements uh ∈ Eh is called discretely compact if any sequence {uh } formed by the elements of the family with hn → 0
contains a discretely convergent subsequence.
Definition 4.3 A family of linear bounded operators Th ∈ L(Eh , Eh ) is
called discretely convergent to T ∈ L(E, E) if the following implication holds:
discrete convergence of a family of elements {uh } ∈ Eh to an element u ∈ E
implies discrete convergence of Th u to T u.
Definition 4.4 The bounded linear operator Th converges to T discretely
compactly if the implication in definition 4.3 holds and
lim sup kuh kEh < ∞ implies {Th uh }

is discretely compact.

(4.1)

h→0

We extend definitions 4.3 and 4.4 to include conjugate linear operators. Note
that Lemmas 4.1, 4.2 and Theorem 4.1 of [35] hold for conjugate linear
operators as well.
For our purpose we let E = C(S), the set of continuous functions on the set
S equipped with the supremum norm, and let Eh = M2m ×2m be the space
of 2m × 2m matrices equipped with the supremum norm. Further, we define
the connection operators ph ∈ B(E, Eh ) by (ph φ)(j) = φ(jh), j ∈ Z2m .
Theorem 4.1 Let conditions A1 and A2 hold for equation (2.2). Then there
exists m0 > 0 such that for m > m0 the system (2.9) has a unique solution
wh with
|wh (j) − w(jh)| ≤ Ch,
(4.2)
max
2
j∈

m

where h = 2s/2m and w is the unique solution to (2.2).
Proof. Define the operators T ∈ B(E), Th , Th00 ∈ B(Eh ) by
Z
1
T (k 0 )
T u(k) =
u(k 0 )dk10 dk20 , k ∈ S
π S k − k0
Z
1 X
T (k 0 )
Th uh (j) =
dk 0 dk 0 uh (l),
π 2 Bl,h jh − k 0 1 2
l∈ m
X
00
2
Th uh (j) = h
gh (j − l)Th (l)uh (l).
l∈

2
m

Note that these operators are compact. The proof is divided into three steps:
9

1. Show the existence of h0 > 0 such that for 0 < h < h0 the system (2.9)
has a unique solution wh with
max
|wh (j) − w(jh)| ≤ CkTh00 ph w − ph T wkEh .
2

(4.3)

kTh ph w − ph T wkEh ≤ Ch

(4.4)

j∈

m

2. Show that

for the solution w ∈ E to (2.2).
3. Show that
kTh − Th00 kB(Eh ) ≤ Ch.

(4.5)

It is clear that (4.2) follows from (4.3) – (4.5) by the triangle inequality.
Claim (1) follows from [35, Theorem 4.1], since Th → T discretely compactly.
For a complete proof of this fact we refer to the proof of [35, Lemma 5.2],
which is easily adapted to our setting.
To prove (4.4) we use the fact that the solution w to (2.2) is Lipschitz continuous in S. Hence it follows that
XZ
T (k 0 )
(ph w(l) − w(k 0 ))dk10 dk20
kTh ph w − ph T wkEh = max
0
jh
−
k
j∈ 2m
l∈ 2m Bl,h
Z
1
≤ max |T (k)|
|w(z1 ) − w(z2 )|
dk10 dk20 max
0
k∈S
l∈ 2m
S |k − k |
z1 ,z2 ∈Bl,h

≤C

max |z1 − z2 |

l∈ 2m,
z1 ,z2 ∈Bl,h

≤ Ch.
Concerning (4.5) note that
kTh − Th00 kB(Eh ) = max
2
j∈

m

X

l∈

00
|Tjl,h − Tjl,h
|,

2
m

where for j, l ∈ Z2m
Tjl,h =
00
Tjl,h

Z

B

T (k 0 )
dk 0 dk 0 ,
jh − k 0 1 2

( l,h
Th (l)
h2 jh−lh
, l 6= j,
=
0,
l = j.
10

If Bl,h ∩ Γ = ∅ then
|Tjl,h −

00
Tjl,h
|

=
≤

Z
Z



Bl,h



dk10 dk20

T (k 0 )
Th (l)
−
dk10 dk20
0
jh − k
jh − lh

Bl,h

≤C

T (k 0 )
Th (l)
−
0
jh − k
jh − lh

Z

Bl,h
3

|lh − k 0 |dk10 dk20

≤ Ch ,

since T (k 0 )/(jh − k 0 ) is Lipschitz continuous on the cell Bl,h , j 6= l defined in
(2.4). If Bl,h ∩ Γ 6= ∅ then we find (see (2.5) for the notation)


Z
Th (l)
T (k 0 )
00
|Tjl,h − Tjl,h | =
−
dk10 dk20
0
jh
−
k
jh
−
lh
Bl,h
!
Pj Z
(p)
X
T (xj,h )
T (k 0 )
−
=
dk10 dk20
0
(p)
jh − k
j−l
p=1 Bj,h
!
Pj Z
(p)
(p)
(p)
X
T (xj,h )
T (xj,h )
T (xj,h )
T (k 0 )
dk10 dk20
+
−
−
=
0
(p)
(p)
(p)
jh
−
k
jh
−
lh
jh
−
x
jh
−
x
p=1 Bj,h
j,h
j,h
!
Pj Z
X
1
1
(p)
(p)
0
C|k − xj,h | + |T (xj,h )|
≤
−
dk10 dk20
(p)
(p)
jh − xj,h jh − lh
p=1 Bj,h
≤C

Pj Z
X
p=1
3

(p)

(p)
Bj,h

(p)

(|k 0 − xj,h | + |xj,h − lh|)dk10 dk20

≤ Ch ,

using the Lipschitz continuity of T (k 0 )/(jh − k 0 ) in the first term and the
Lipschitz continuity of 1/k in the second term. Moreover,
Z
Z
T (k 0 )
1
0
0
|Tjj,h| =
≤
max
|T
(k)|
dk10 dk20 ≤ Ch.
dk
dk
1
2
√
0
0
k∈B
j,h
Bj,h jh − k
|k 0 |< 2h |k |
Hence
(|Tjj,h| +
kTh − Th00 kB(Eh ) = max
2
j∈

m

2 3

≤ Ch + CM h
≤ Ch.
11

X
l6=j

00
|Tjl,h − Tjl,h
|)


Recall the definition of the operator

00
Th,h
∗

from (3.6) and note that

00
00
00 −1
(ph∗ h Th00 − Th00∗ ph∗ h )Th00 .
Th,h
∗ = (Ih − phh∗ ph∗ h )Th + phh∗ (Ih∗ + Th∗ )

Define Th,h∗ by
Th,h∗ = [Ih − phh∗ (Ih∗ + Th∗ )−1 ph∗ h (Ih + Th )]Th
= (Ih − phh∗ ph∗ h )Th + phh∗ (Ih∗ + Th∗ )−1 (ph∗ h Th − Th∗ ph∗ h )Th
We first prove a lemma needed to establish the convergence rate of the twogrid method.
Lemma 4.1 kTh,h∗ kB(Eh ,Eh∗ ) ≤ Ch∗ .
Proof. For wh ∈ Eh , define the piecewise constant function ŵh ∈ E by
X
wh (j)ξj,h(k),
(4.6)
ŵh (k) =
j∈

where
ξj,h(k) =

2
m



1,
0,

Z

T (k 0 )
ŵh (k 0 )dk10 dk20 .
jh − k 0

if k ∈ Bj,h ,
otherwise.

(4.7)

Then kŵh kE = kwh kEh and
1
Th wh (j) =
π

S

Note that
Z
T (k 0 )
T (k 0 )
0
0
0
u
(k
)dk
dk
−
u (k 0 )dk10 dk20
h
1
2
0
0 h
s
−
k
s
−
k
S 1
S 2
Z
1
T (k 0 )
T (k 0 )
≤ kuh kE
−
dk10 dk20
π S s1 − k 0 s2 − k 0
≤ Ckuh kE |s1 − s2 |

1
|Th uh (s1 ) − Th uh (s2 )| =
π

Z

So in particular we have
|Th ŵh (lh) − Th ŵh (jh)| ≤ Ckwh kE |lh − jh|.

12

(4.8)

Thus,
Z
Z
1
T (k 0 )
T (k 0 )
0
0
0
|Th ŵh (lh) − Th ŵh (jh)| =
ŵ
(k
)dk
dk
−
ŵh (k 0 )dk10 dk20
h
1
2
0
0
π S lh − k
S jh − k
≤ Ckwh kE |lh − jh|
≤ Ckwh kE h
So we have
|Th wh (lh) − Th wh (jh)| ≤ Ckwh kE h.

(4.9)

By (3.4)
|(Ih − phh∗ ph∗ h )Th wh (j)| = |Th wh (j) − phh∗ Th wh (j)|
where j is the unique j ∈ Z2m such that jh = j ∗ h∗ . By (3.3)
|Th wh (j) − phh∗ Th wh (j)| = |Th wh (j) − Th wh (j ∗ )|
∗
where j ∗ is the unique j ∗ ∈ Z2m∗ such that Bj,h ⊂ Bj,h
. Then by (4.9)

|(Ih − phh∗ ph∗ h )Th wh (j)| ≤ Ckwh kE h∗
since j and j ∗ are in the same panel. Thus,
k(Ih − phh∗ ph∗ h )Th kB(Eh ) ≤ Ch∗ .

(4.10)

Now let vh denote Th wh .
((ph∗ h Th − Th∗ ph∗ h )vh )(j ∗ ) = Th vh (j ∗ ) − Th∗ ph∗ h vh (j ∗ )
Z
T (k 0 )
1 X
=
dk10 dk20 vh (l)
∗h − k0
π
j
B
j,h
l∈ 2m
Z
1 X
T (k 0 )
dk10 dk20 vh (i∗ )
−
Bj∗∗ ,h∗ ∗ ∗
0
π ∗ 2
j h −k
i ∈ m∗
Z
1 X
T (k 0 )
=
dk10 dk20 (vh (l) − vh (l∗ ))
∗
0
π
Bj,h j h − k
2
l∈

m

where l∗ is defined by (3.4). Thus,

T (k 0 )
0
0
dk1 dk2 Ckwh kE h∗
|((ph∗ h Th − Th∗ ph∗ h )vh )(j )| ≤ sup
0
k∈S S k − k
≤ Ckwh kE h∗ .
∗



Z

This proves the lemma.


13

Concerning the complexity of the one-grid method we note that with an FFT
implementation one application of the discrete convolution operator (2.8) is
done in O(M 2 log M ) arithmetical operations. Hence to solve (2.9) using an
iterative solver with a fixed upper bound on the numbers of iterations also
requires O(M 2 log M ) arithmetical operations.
The following theorem gives the convergence rate of the two-grid method.
Theorem 4.2 Let conditions A1 and A2 hold for equation (2.2). Then for
sufficiently small h∗ > 0 and 0 < h < h∗ , the function whN in (3.7) satisfies
max
|whN (j) − wh (j)| ≤ max
|wh0 (j) − wh (j)|(Ch∗ )N ,
2
2

j∈

j∈

m

(4.11)

m

where N = 0, 1, 2, . . . , and wh is the unique solution to (2.9).
Proof. By lemma 4.2 [35], for sufficiently small h, the operator Ih + Th is
invertible and the inverse is uniformly bounded. Thus, there exist h1 > 0
and c1 constant such that
k(Ih + Th )−1 kB(Eh ) ≤ c1 ,

0 < h < h1 .

By (4.5),
kTh00 − Th kB(Eh ) ≤ Ch < Ch∗ .

(4.12)

By the Lipschitz continuity of w,
kphh∗ (Ih∗ + Th∗ )−1 ph∗ h (Ih + Th )kB(Eh ) ≤ Ch∗ ,
and so
kTh − Th,h∗ kB(Eh ) ≤ kTh kB(Eh ) kphh∗ (Ih∗ + Th∗ )−1 ph∗ h (Ih + Th )kB(Eh ) ≤ Ch∗ .
(4.13)
Similarly,
00
00
00
00 −1
kTh,h
ph∗ h (Ih + Th00 )kB(Eh ) ≤ Ch∗ .
∗ − Th kB(Eh ) ≤ kTh kB(Eh ) kphh∗ (Ih∗ + Th∗ )
(4.14)

Then it follows from (4.12), (4.13) and (4.14) that
00
∗
kTh,h
∗ − Th,h∗ kB(Eh ) ≤ Ch .

Thus, (4.15) and lemma 4.1 imply
00
00
∗
kTh,h
∗ kB(Eh ) ≤ kTh,h∗ − Th,h∗ kB(Eh ) + kTh,h∗ kB(Eh ) ≤ Ch .
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(4.15)

00
If Ch∗ < 1, then kTh,h
Thus, the
∗ k < 1 and (3.5) is uniquely solvable.
iteration scheme (3.7) converges with rate of convergence

kwhn − wh kEh ≤ kwh0 − wh kEh (Ch∗ )n ,

n = 0, 1, 2, . . .

where C is independent of h and h∗ . This proves the theorem.



We analyze the work necessary to attain accuracy O(h) for the two-grid
method as for the one-grid method, following the analysis in [35]. The choice
of the initial guess in (3.7) gives
|wh0 (j) − wh (j)| ≤ Ch∗ ,
max
2
j∈

m

so by Theorem 4.2 we have
|whN (j) − wh (j)| ≤ hq
max
2

j∈

q ≥ 1,

m

for

q| log h|
− 1.
| log h∗ + log C|
Choose h∗ ∼ hτ where 0 < τ < 1. Then the desired accuracy will be reached
asymptotically in N = [q/τ ] − 1 steps where [z] denotes the smallest integer
larger than z. Thus, choosing h∗ ∼ h1/3 , one can obtain accuracy O(h) in
three iterations (N = 3).
N≥

Note that the complexity of the two-grid method is also O(M 2 log(M )),
since the algorithm (3.7) involves the application of the discrete convolution
operator (2.8) on the fine grid.

5

Application to the inverse conductivity problem

The inverse conductivity problem is the mathematical problem behind a
recent method for medical imaging called Electrical Impedance Tomography
(EIT). The problem is to recover a bounded and strictly positive conductivity
γ in a body Ω from static electric measurements on the boundary of the body.
See, for example, [13] for further information about EIT. We consider here
the two-dimensional problem, i.e. Ω ⊂ R2 . If we apply a voltage potential
f ∈ H 1/2 (∂Ω) on the boundary of Ω, a voltage distribution u ∈ H 1 (Ω) is
induced in Ω described uniquely as the solution to the conductivity equation
∇ · γ∇u = 0 in Ω,
15

u = f on ∂Ω.

(5.1)

The voltage potential in Ω gives rise to a current flux through the boundary
given by
γ

∂u
|∂Ω ,
∂ν

which can be measured at the boundary. All possible boundary measurements are encoded in the map
Λγ : f 7→ γ

∂u
|∂Ω ,
∂ν

the so-called Dirichlet-to-Neumann map or voltage-to-current map that maps
any voltage distribution on the boundary to the resulting current flux.
The inverse conductivity problem as considered by Calderón [11] consists
of two questions. First, does the Dirichlet-to-Neumann map Λγ determine
the conductivity γ uniquely, and then if so, how can the conductivity be
reconstructed?
For sufficiently regular conductivities having essentially two derivatives Nachman [24] gave a uniqueness proof and a reconstruction algorithm, and for less
regular conductivities with only one derivative Brown-Uhlmann [10] generalized the uniqueness result. Both methods are based on solving ∂-equations
of the type (1.1). In this section we will outline a reconstruction method
based on the latter approach and show how the implementations described
above can be used in this context.
Let u be a solution to the conductivity equation (5.1) and identify (z1 , z2 ) ∈ Ω
with the complex number z = z1 + iz2 . Then (v, w) = γ 1/2 (∂z u, ∂ z u) solves
the system
∂ z v = qw,
∂z w = qv,

(5.2)

q = −γ −1/2 ∂z γ 1/2 .

(5.3)

where

If we assume that γ = 1 near the boundary of Ω then q can be extended
smoothly to R2 by setting q = 0 in R2 \ Ω. The idea in the ∂-method of
inverse scattering theory is then to look for a special exponentially growing
solution Ψ(z, k) = (Ψ1 , Ψ2 )(z, k) in R2 to the system (5.2) with
Ψ(z, k) = m(z, k)eizk ,

lim m(z, k) = lim (m1 , m2 ) = (1, 0).

|z|→∞

|z|→∞
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(5.4)

To construct m let e(z, k) = exp(i(zk + zk)) = exp(i2Re(zk)) and define
m± (z, k) = m1 (z, k) ± m2 (z, k)e(z, −k).

(5.5)

This function satisfies by (5.2) and (5.4) the ∂-equation
∂ z m± (z, k) = ±q(z)e(z, −k)m± (z, k),

lim m± (z, k) = 1,

|z|→∞

(5.6)

from which m± can be recovered uniquely both theoretically and numerically.
This also gives m(z, k) by (5.5).
Associated with q is then the function
Z
i
S(k) = −
e(z, k)q(z)m1 (z, k)dz1 dz2 ,
π Ω

(5.7)

the so-called non-physical scattering transform of the potential q.
The usefulness of introducing the scattering transform in the solution of the
inverse problem is two-fold. First, the scattering transform can be computed
from boundary data [19, 21], and second, the conductivity can be computed
from S. This gives a reconstruction procedure consisting of the two steps
1

2

Λγ → S → γ.
Here we will only consider the numerical implementation of the second step.
See references [19, 20, 32, 33, 22] for complete implementations.
¯
To compute γ from S consider the ∂-equation
in the parametric variable k,
∂ k m̃+ (z, k) = S(−k)e(z, −k)m̃+ (z, k),

lim m̃+ (z, k) = 1.

|k|→∞

(5.8)

This equation has the unique solution m̃+ (z, k), which is highly related to
m(z, k) (see [19, 21]). Moreover, from this solution we can compute
γ(z) = (Re(m̃+ (z, 0)))2 .

(5.9)

Hence by knowing S, we can solve (5.8) and then obtain the γ from (5.9).
In the next subsections we will use the implementations described in section
2 and 3 to compute the scattering transform for a particular potential and
reconstruct the conductivity from the scattering transform. First we will by
solving (5.6) and using (5.7) compute the scattering transform of a particular
potential defined from a conductivity by (5.3). Then we consider the inverse
problem and compute the conductivity from the scattering transform by
solving (5.8) and using (5.9).
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5.1

Test example

Our test example is a numerical chest phantom consisting of a heart and two
lungs, where in one lung there is an abnormality. To simulate a cross-section
of the chest during expiration, the conductivity of the phantom lungs was
taken to be 1 mS/cm, the conductivity of the phantom heart was taken to
be the approximate longitudinal conductivity of heart muscle, 6 mS/cm, and
the background conductivity was chosen to be 3 mS/cm. The conductivity of
the abnormality was taken to be 4 mS/cm to simulate a tumor. These conductivities were then scaled by dividing by 3 mS/cm so that the background
conductivity is 1, the conductivity of the phantom heart is 2, the conductivity of the phantom lungs is .33, and the conductivity of the phantom tumor
is 1.33. The phantom organs and tumor are constructed so that the conductivity is a smooth function on the unit circle; see the top row of Figure 3. For
this conductivity we have computed the corresponding potential q by (5.3)
using numerical differentiation.
We now compute the scattering transform S(k) on a 60 × 60 uniform k-mesh
in the square [−20, 20]2 . First we solve the equation (5.6) for each k in the
grid. Since the potential q is supported inside [−1, 1]2 the equivalent periodic
integral equation is
Z 2Z 2
q(z 0 )e(z 0 , k)
m± (z, k) = 1 ±
m± (z 0 , k)dz1 dz2 ,
0
z
−
z
−2 −2
which can be solved numerically by the one- and two-grid implementations
described in section 2 and 3. In the one-grid implementation we have chosen
the grid-size m = 7, and in the two-grid implementation we have chosen
m∗ = 2 and m = 7. Next, to compute S we use the known function e(z, k)q(z)
and the computed function m1 (z, k) = m+ (z, k) + m− (z, k) to evaluate the
integral (5.7) by the trapezoid rule. Since (5.6) was solved both using the oneand two-grid implementations, we get two discrete approximations S1 , S2 of
S. The relative l2 -difference of the two functions is approximately 1%.
Having computed the scattering transform we now consider the second step
in the reconstruction algorithm for the inverse conductivity problem, the
computation of γ from S. First, we want to solve (5.8) for m̃+ (z, k). Note
that since S is not compactly supported, the equation (5.8) is not readily
in the form (1.1). Hence S has to be truncated before the numerical implementations can be used and this cut-off will introduce a systematic error.
However, since S is a rapidly decaying function, the error can be neglected.
In our computations we have chosen to cut-off the scattering transform at
|k| = 20, which reflects the support of the pre-computed approximations S1
18

and S2 . To compute the solution to (5.8) we therefore consider the periodic
integral equation
+

m̃ (z, k) = 1 +

Z

40
−40

Z

40
−40

S(−k 0 )e(z, −k 0 ) +
m̃ (z, k)dk10 dk20 ,
k − k0

which is solved using the one- and the two-grid implementations. In the
one-grid method we choose the parameter m = 7 and use the approximation
S1 , and in the two-grid method we choose m = 7, m∗ = 2 and use the
approximation S2 . In both cases the conductivity is computed on a uniform
60 × 60 z-mesh in the square [−1, 1]2 . Next, to compute the conductivity
we use (5.9), i.e. we evaluate the computed solutions to (5.8) at k = 0.
This gives two reconstructions based on the one- and two-grid methods. The
reconstructions are displayed in Figure 3. The relative l 2 -difference in the two
reconstructions is 2%, and the relative l 2 -error in either of the reconstructions
when compared to the true conductivity is approximately 3%.
We now compare the speed and the memory usage of the one-grid and twogrid method. For different values of the discretization level (given by the
number m, where the size of each cell is h2 for h = 21−m ) we have measured
the speed and the memory requirements for computing m+ (z, k) for fixed
k = 1. Table 5.1 contains the results for both methods.
m
6
7
8
9
10

∗

m
2
2
2
3
3

Memory
Speed
One-grid Two-grid One-grid Two-grid
101
100
0.7
0.7
115
110
3.3
1.3
170
140
18
6.3
390
290
110
39
1260
860
450
168

Table 1: Speed and memory usage for computing the function m+ (z, 1) by
the one-grid and two-grid methods, respectively. The quantity m∗ applies
only to the two-grid computation. Memory usage is given in megabytes and
speed in seconds.

It is clear that the two-grid is superior both concerning memory usage and
speed.
Note that for both methods the speed decreases by approximately a factor
4, when going from a grid of size 2m to a grid of size 2m+1 . This is expected
since the the complexity is O(M 2 log(M )) = O(m22m ) for M = 2m .
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Figure 3: Top row: original conductivity. Middle row: conductivity γ1 reconstructed by the one-grid method. Bottom row: conductivity γ2 reconstructed
by the two-grid method.
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6

Conclusion

¯
We have presented a method for computing the solution to ∂-equations
of
¯
the form ∂w = T (k)w(k). One-grid and two-grid versions of the multigrid
method of Vainikko [36, 31] are applied with a FFT implementation. We
¯
prove that the accuracy of the method is order h. We show that ∂-equations
in the form above appear naturally in the context of the inverse conductivity
problem, which is the underlying mathematical model in electrical impedance
tomography (EIT). With the use of the implementations we solved first the
forward problem of computing the scattering transform from a known conductivity, and second the inverse problem of computing the conductivity from
the scattering transform. Both problems were based on solving a ∂-equation,
and the results show that we have a fast and reliable implementation of a
solver for such equations.
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[12] Y. Chen, A fast, direct algorithm for the Lippmann-Schwinger integral
equation in two dimensions, Adv. Comp. Math. 16, 175 (2002).
[13] M. Cheney, D. Isaacson, and J. C. Newell, Electrical Impedance Tomography, SIAM Review 41, 85 (1999).
[14] A. Davey and K. Stewartson, On three-dimensional packets of surface
waves, Proc. Royal Soc. London Ser. A 338, 101 (1974).
[15] T. Eirola, M. Huhtanen, and J. von Pfaler Solution methods for Rlinear problems in Cn , Helsinki University of Technology Institute of
Mathematics Research Reports A454 (2002).
[16] L. D. Faddeev, Increasing solutions of the Schrödinger equation, Sov.
Phys. Dokl. 10, 1033 (1966).

22

[17] A. S. Fokas and M. J. Ablowitz, The inverse scattering transform for
multidimensional 2+1 problems, in Nonlinear Phenomena, K.B. Wolf,
ed. Lecture Notes in Physics (Springer, Berlin, 1984).
[18] T. Hohage, On the numerical solution of a three-dimensional inverse
medium scattering problem, Inverse Problems 17, 1743 (2001).
[19] K. Knudsen, On the Inverse Conductivity Problem, Ph.D. thesis, Aalborg University (2002).
[20] K. Knudsen, A new direct method for reconstructing isotropic conductivities in the plane, Physiological Measurement 24, 391 (2003).
[21] K. Knudsen and A. Tamasan, Reconstruction of less regular conductivities in the plane, Aalborg University, Department of Mathematical
Sciences Research Reports R-2003-04 (2003).
[22] J. L. Mueller and S. Siltanen, Direct reconstructions of conductivities
from boundary measurements, SIAM J. Sci. Comput. 24, 1232 (2003).
[23] J. L. Mueller, S. Siltanen, and D. Isaacson, A direct reconstruction
algorithm for electrical impedance tomography, IEEE Trans. Med. Im.,
21, 555 (2002).
[24] A. I. Nachman, Global uniqueness for a two-dimensional inverse boundary value problem, Annals of Mathematics 143, 71 (1996).
[25] A. I. Nachman, Reconstructions from boundary measurements, Annals
of Mathematics 128, 531 (1988).
[26] A. Nachman and M. J. Ablowitz, A multi-dimensional inverse scattering
method, Studies in Appl. Math. 71, 243 (1984).
[27] R. G. Novikov, An inversion formula for the attenuated X-ray transform,
Ark. Mat. 40, 145 (2002).
[28] R. G. Novikov, On the range characterization for the two-dimensional
attenuated x-ray transformation, Inverse problems 18, 677 (2002).
¯
[29] R. G. Novikov and G. M. Khenkin, The ∂-equation
in the multidimensional inverse scattering problem, Uspekhi Mat. Nauk., 42, 93 (1987).
[30] Y. Saad and M. H. Schultz, GMRES: a generalized minimal residual
algorithm for solving nonsymmetric linear systems, SIAM J. Sci. Statist.
Comput., 7, 856 (1986).
23

[31] J. Saranen and G. Vainikko, Periodic Integral and Pseudodifferential
Equations with Numerical Approximation (Springer, 2002).
[32] S. Siltanen, J. Mueller, and D. Isaacson, An implementation of the
reconstruction algorithm of A. Nachman for the 2-D inverse conductivity
problem, Inverse Problems 16, 681 (2000).
[33] S. Siltanen, J. Mueller, and D. Isaacson, Reconstruction of high contrast
2-D conductivites by the algorithm of A. Nachman, in Proceedings of
the 2000 conference on Radon transforms and tomography, ed. Quinto
et al,241 (2001).
[34] T. Tsai, The associated evolution equations of the Schrödinger operator
in the plane, Inverse Problems 10, 1419 (1994).
[35] G. Vainikko
Multidimensional weakly singular integral equations
(Springer Lecture Notes in Mathematics 1549, 1993).
[36] G. Vainikko, Fast solvers of the Lippmann-Schwinger equation, in Direct
and Inverse Problems of Mathematical Physics (Newark, DE), Kluwer
Acad. Publ, Dordrecht, Int. Soc. Anal. Appl. Comput. 5, 423 (2000).
[37] I. N. Vekua, Generalized Analytic Functions (Pergamon Press 1962).
[38] A. P. Veselov and S. P. Novikov, Finite-gap two-dimensional potential
Schrödinger operators, explicit formulas and evolution equations, Sov.
Math. Dokl 30, 588 (1984).

24

